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Abstract. The computation of several quantities of interest in the analysis and design
of parameter-dependent linear systems can be posed as a nonconvex optimization problem.
We present a branch and bound algorithm that solves such optimization problems. The
algorithm is worst-case combinatoric, but often performs well.

We demonstrate the algorithm with the computation of the maximum and minimum RMS-
gain of a discrete-time linear system over a set of parameters. The first problem might
correspond the the worst-case analysis of an uncertain system, whereas the second problem
might be regarded as the design of a parametric controller. Finally, we present the ‘hybrid’
problem, where the RMS-gain is maximized over a set of parameters and minimized over

another set of parameters.
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INTRODUCTION

We consider the family of linear time-invariant sys-
tems described by

z(k+1)= Az(k)+ Buu(k)+ Buww(k),

y(k)  =Cyz(k)+ Dyuu(k)+ Dyww(k), (1)
z(k) =C.z(k)+ Dzyu(k)+ D.ww(k),

u(k)  =Ay(k),

with z(0) = zo, where z(k) € IR”, w(k) € R™, z(k) €
IR™, u(k),y(k) € IR?, and A, By, Bu, Cy, Cz, Dy,
Dyw, D.y and D, are real matrices of appropriate
sizes. A is a diagonal matrix parametrized by a vector
of parameters ¢ = [q1,92,.-.,qm], and given by the
expression

A =diag(g11, 22, ..., gmIm), (2)

where I; is an identity matrix of size p;. Of course,
Zzﬂ pi = p. We will also assume that ¢ lies in a
rectangle Qinit = [l1,u1] X [l2, 2] X +++ X [l;m, um]. A
block diagram of the above family of linear systems is

given in Figure 1.

For future reference, we define

Pyu = Cy(zI—A)"'B,+ Dy,
Pyw = Cy(zI—A)"'By + Dy,
P.u = C.(2I—A)'By,+D.,
P.w = C.(2I=A)"'By+ D.o.

*Some of this material is based on results already published
by Balakrishnan et al. (1991) and Balemi et al. (1991)

w z
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A |
Fig. 1. System in standard form.

We may now write down an expression for the closed-
loop transfer matrix from w to z:

Pa(q) =

There are several quantities of interest associated with

Pew 4 PouA(I — PyuA) ™" Pyoy

parameter-dependent systems such as the above. For
instance, for continuous-time parameter-dependent
systems, there are the stability margin (see De Gaston
et al. 1988), the minimum stability degree (Balakrish-
nan et al. 1991), the Ho-norm (Balemi et al. 1991)
etc. We refer the reader to Balakrishnan and Boyd
(1992) for the computation of these and other stabil-
ity measures for continuous-time linear systems in a
unified set-up using a branch and bound algorithm.

In the sequel, we will concern ourselves with the study
of the RMS gain between w(k) and z(k) in Figure 1.
We will first consider the computation of the maxi-
mum He-norm (Hmax) of the system (1), defined as

]| rase

Hmax ( Qinit ) =

max max
g€ Qinit w#0 ||w||RMS

max [ Pa(@)ll,

init
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where |w||rms of the vector signal w refers to the

RMS-value

1
[wllrms = lim - (w(k) w(k))
* k=0
and where || +||oo refers to the discrete-time Hoo-norm:

|Gl = sup Tumax (G(’*))

0<w<mT

(0max (M) is the maximum singular value of M). Hmax
is just the worst-case root mean square gain (RMS-
gain) of the system between the input w(k) and the
output z(k).

On the other hand, equation (1) might correspond to a
system with a parametric controller, with ¢ containing
the design parameters. Then, it is of interest to find
the parameters that minimize the discrete Ho-norm,
i.€.

: [ E4[E3VE
min max ;———
g€ Qinit w#0 ||’w||RMs

in P
q?éﬁn” c1(@)]] oo s

Humin(Qinit)

Finally, if A contains both uncertainties and de-
sign parameters, the so-called minmaz problem arises.
Here, we seek the choice of design parameters that
minimizes the Hmax over the uncertain parameters.
More precisely, let the first m; parameters be de-
sign parameters and remaining m, parameters be
uncertainties (mi1 + mz = m). For convenience,
let us rename the mi design parameters as ¢ =

[ql, 4, - 4, ] and the my uncertain parameters
— — —mi
as ¢ =[qy, Qo - ﬁmZ]. Let

ginit [11, ul] X [IQ,UQ] X oo X [lml,uml],

Oinis = U 41y Umqgg1] X o0 X [l m]-

Then the minimax problem is the computation of
Hminmax (ginit, @init)
. { |zl rass }
min max { max———

9€8;014 GECimie | W70 lwll s

min - max || Pa(g)l|eo-
9€L4414 G€EDinis

There exist no methods that compute any of the three
quantities above exactly; however, there are several
methods that provide good upper and lower bounds
for Hmax and Hmin. For example, lower (upper)
bounds for Hmax (Hmin) are provided by Monte Carlo
methods where Himax (Hmin) is approximated by the
largest (smallest) value of || Pei(g)||oc over many values
of ¢ drawn according to some distribution. Another
class of methods that yields lower (upper) bounds for
Hmax (Hmin) are local optimization methods. Here
a local search is made for the parameter that finds
a local maximum (minimum) of || Pu(g)|lec- On the
other hand, upper (lower) bounds for Hmax (Hmin)
are provided by conservative methods. These are usu-
ally based on some analytical result, such as a small
gain theorem, or a Lyapunov theorem.

In this paper, we employ an approach where we first
compute upper and lower bounds for Hmax(Qinit),
Hmin (Qinit) 0f Hminmax (giniw @init) using some of the
methods described above; if these bounds are not
satisfactory, that is, if they are not close enough,
a branch and bound technique is used to system-
atically refine the bounds. At each stage of the
algorithm, upper and lower bounds are maintained
for Hmax(Qinit), Hmin(Qinit) or Hminmax (ginitgéinit)-
The branch and bound technique used in this paper
is described in detail by Balakrishnan et al. (1991),
where it is used to compute the minimum stabil-
ity degree for a parameter-dependent continuous-time
system. For details about applying the branch and
bound algorithm to various simple minimization or
maximization problems in the analysis and design of
parameter-dependent linear systems, see Balakrish-

nan and Boyd (1992).

In the following section, we briefly describe the basic
branch and bound algorithm and its extension ot the
minmax case; we then use it to compute Hmax, Hmin
and Hminmax in subsequent sections.

THE BRANCH AND BOUND
ALGORITHMS

The first branch and bound algorithm we present
finds the maximum of a function f:IR™ — IR over
an m-dimensional rectangle Qjnis (the subscript “init”
stands for initial rectangle).

Branch and Bound Algorithm for Mazimization and
Minimization

For a rectangle Q@ C Qini; we define

¢max(Q) = I;lea.é( f(q)

Then, the algorithm computes ®max(Qinit) to within
an absolute accuracy of € > 0. The algorithm uses two
functions ®,(Q) and ®,,(Q) defined over {Q : Q C
Qinit} which are easier to compute than ®nax(Q).
These two functions must satisfy the two following
conditions:

(Rl) (le(Q) S q)max(Q) i (I)ub(Q)

(R2) As the maximum half-length of the sides of Q,
denoted by size(Q), goes to zero, the difference
between upper and lower bounds uniformly con-
verges to zero, i.e.,

Ve>0386>0VY QC Qinit size(Q) < 6
= &,p(Q) — P1p(Q) < e
Roughly speaking, then, the bounds &, and ®,1,

become sharper as the rectangle shrinks to a
point.

We describe the algorithm briefly (for a detailed de-
scription as well as for a discussion of convergence is-
sues, see Balakrishnan et al. (1991)). In what follows,
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k stands for the iteration index, L denotes the list
of rectangles, Lj the lower bound and U the upper
bound for ®max(Qinit), at the end of k iterations.

The Algorithm.

k=0,

Lo = {Qinit};

Lo = ®1p(Qinit )5

Uo = @b (Qinit);

while Uy — Lk > ¢, {
pick Q@ € Ly such that ®,1,(Q) = Ux;
split Q into Qr and Qir
Lyt :=(Ly — {O}) U{Q1,Qrr};
Liy1 :=maxoer,,, Pi(Q);
Uky1 = maxoes,,, Pun(Q);
k=k+1;

At the end of k iterations, Uy and L are upper
and lower bounds respectively for ®max (Qinit). Since
@1, (Q) and ®,1,(Q) satisfy condition (R2), Uy — Ly is

guaranteed to converge to zero.

The algorithm, can be used to compute the minimum
of a function f simply by computing the maximum of
—f.

In order to compute the desired quantities Hmax and
Humin of systems described by equations (1), the task
that remains is the computation of appropriate upper
and lower bounds for Hmax and —Hmin.-

Branch and Bound Algorithm for minmaz Problems

We now present an extension of the branch and bound
algorithm of the previous sections which minimizes
over a set of parameters, the maximum of the function
over another set of parameters. More precisely, for a
function g(q,q) we seek

U minmax (g; @) = min max g(q7 5)
€2 5e0

The extended branch and bound algorithm needs two

functions Wip(Q, @) and Wup(Q, é) defined over @ C
Qinit’ Q - QOinit which are easier to compute than
Uminmax (2, é) These two functions must satisfy the

two following conditions:

(R3) ‘IJlb (g; @) S Wminmax (2, @) S wub (g, @)

(R4) Asthe maximum half-length of the sides of Q@ and
Q denoted by size(Q) and size(Q) respectively go
to zero, the difference between upper and lower
bounds uniformly converges to zero, i.e.,

Ve>036>0 such that
VQCQ . and QC Oy,

size(Q) < 6 MEI size(Q) Sﬁ
= Vu(Q,9) — ¥in(Q,Q) < e

As with the simpler branch and bound algorithm for
maximization or minimization, the algorithm starts by
computing ¥, (Q, .., Qinit) and Vup(Q, .., Qinit). If
the difference Wy, (Q; .., Qinit) — Yub (L, ;s Qinit) < €
the algorithm terminates. Otherwise Q. . is parti-
tioned as a union of subrectangles as Q. .. = Q, U
Q,U---UQ,, and Uip(Q;, Qinit) and Vun(Q;, Qinis),
1=1,2,---, N are computed. Then

min; <i<y Uin(Q;, Qinit)
S 11Iminmax(g @init) S

Liniv»
min; <i<n Vub(2;, Qinit),

If the difference between these two bounds is small
enough, the algorithm terminates. Otherwise any of
the subrectangles gixéinit is partitioned into smaller
subrectangles as gixéinit = gixgﬂ U giXQiQ U-..u

QixéiMu and l?lb(gi,éij) and \Ilub(gl.,é”) are com-
puted. Then

min; <i<n {maxi<j<m, v (Q;, Qi;)}
S 11[minmax (ginit ’ @init ) S
min; <i<ny {maxi<;<ar, Van(2;, Qi)

Once more, if the difference between the new bounds
is less than or equal to €, the algorithm terminates.
Otherwise either Q. . is partitioned into smaller rect-
angles, or a subrectangle gixéinit is partitioned into
smaller subrectangles: in both cases the bounds may
be updated. It is also possible to prune those rectan-
gles over which we can establish that ¥ninmax(Q, é)
cannot be achieved.

The general branch and bound algorithm for minmazx
problems. In the following description, & stands for the
iteration index. Ly denotes a list of Ny rectangle lists.
Every rectangle list corresponds to a member Q. of a
partition of Q. . and is therefore denoted by £(Q,).
Every subrectangle in £(Q,) is of the form Q, x Q5
with ézj - Oinit.- M; i stands for the number of sub-
rectangles in the ith list £(Q,) at the end of k iter-
ations. In other words, we have a two-dimensional
list of rectangles, first partitioned along the minimiz-
ing parameters to yield the rectangle lists, and each
of these lists further partitioned along the maximizing
parameters. Ly and Uy are lower and upper bounds
respectively for \I’max(ginit,éinit) at the end of the
k-th iteration. Let

l ) = U ey
k(g;) 1SJH;?‘\;{)¢(Z) lb(gzy Qz])
uk(g,) = 1§Jn%?‘\2{k(l) q[ub(gzz Qz])

lx and ux are lower and upper bounds for Viinmax
over QZ X Qinit -

The Algorithm.

k=0;

Z(ginit) = {Qinit X@init};
Lo={6L)}:

Lo = \I'llb(ginit, Qinit);
Uo = \IIUb(Qini“@init)[
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while Ux — Lk > € {
pick Z(gl) € Ly such that lk(gz) = Ly;
pick gixéi] = E(g:‘) such that
ub(Q @:J)—uk( )
split Q. xQ” along one of the edges
of Q” into Q. xQ,J and Q. XQ:;:
0Q,) = (((e) - ¢, % Qi;)U
{2, XQ.], 9, XQ”}
split all Q. XQ,J € E(Q ) along one of the
edges of Q into Q XQ” and Q xQU,
=U, {Q XQU}
= U {Q XQ'L'J}
Ek+1 = (Lx = €(Q) L {UL;
Lk :=mingo yeryy, k()

Uk+1 = mlng(gl)eﬁk_H uk(gz),
k=k+1;

), 62}

Using simple bounds. We now show how we may ob-
tain bounds ¥, and ¥, from the bounds for the sim-
ple minimization or maximization of a function. The
conditions under which these bounds can be used are
stated in the following proposition.

Proposition 1: Given any Q and Q let

@ 7_O < o
(2,7,) < (rzrélgg(q 7,)

Pun(g,,Q) > maxg(q ,7)
q€Q

with q, and g, being any point in Q and O respectively.
[N and Py, are lower and upper bounds for simple
minimization and mazimization problems respectively.

Then

U1n(Q, Q)
Wub(gy @) = (Dub(g 3 @)

|
L
Z.
i
<2
N

3)

are bounds for Uminmax satisfying (R3). Moreover

they satisfy (R4) if

1. g(q,q) is continuous in {(¢,9): ¢ € Q, T € Q).
2. &(Q,7) and min 9(Q,q) satisfy (R2) Vg € Q.

3. Pub(g, Q) and maxg( Q) satisfy (R2) Vg € Q.
7€0

COMPUTATION OF Hmax

Recall that our first objective is to compute

Hmax(ginit)= max ||P61(q)||00

q€Qinit

Then, following the notation used to describe the
branch and bound algorithm, we have f(q) =
| Pr(g)]loc and ®raax(Q) = Himax(Q). The task that
remains before the branch and bound algorithm can
be applied to this problem is the computation of a

lower bound ®1,(Q) and an upper bound ®,,(Q) for
Hmax'

Given any parameter rectangle, we may first ap-
ply a loop transformation so that we have Q@ =
[-1,1]™. Therefore, we will consider only the case
Q = [-1,1]™. Note that from equation (2), we have
[Alleo = 1.

A simple lower bound for Hmax(Q) is just the discrete-
time H-norm of the closed-loop system with the pa-
rameter vector set to the midpoint of the parameter
region Q:

D16(Q) = [|1Paa(0)]|oo = [[Pruw]l o (4)

We now describe a simple scheme for computing an
upper bound that is based on a small gain based ro-
bust stability condition due to Doyle (1982), Safonov
(1984) and Balemi et al. (1991).

We define
PZU) PZ'IL
B B
Py = VB, (5)

|
:gc

where # > 0. Then

[Pslloe < 1=

b [[Pawt Prus(l = P P | <
A

Our upper bound is:
Pup(Q) =inf {B: || Psllc <1}, (6)

with the convention that the infimum of a function
over the empty set is infinity.

The condition in (6) is readily checked by forming
an appropriate Hamiltonian matrix and checking its
eigenvalues as shown for a similar problem by Boyd
et al. (1989). Thus a simple bisection can be used to
compute Py,.

Of course, more sophisticated bounds can be used.
A local optimization procedure can be used to
search for a (locally) worst parameter value, which
would give a good lower bound. The upper
bound can be vastly improved by scaling (see
Doyle (1982), Safonov (1982)) or other techniques for
approximating the structured singular value (see Fan
and Tits 1986).

Bounds for a general rectangle ). In order to normal-
ize the parameter rectangle Q to be the unit cube
[-1,1]™, we perform a loop transformation of sys-
tem P(z). Figure 2 demonstrates the loop transfor-
mation, where the symbols p(z) and A refer to the
loop-transformed system and the normalized pertur-
bation. Let

- . 1 4

K = diag(®fhp, vty  tntlng
. —1 —1 -

F = diag(“y8l,22r2],, . el ],
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Fig. 2. Loop Transformation.

K is the offset corresponding to the rectangle Q, and
F, the scaling. Tt is now easily verified that A has
the form diag(¢i 11, ¢212, ..., gmIm ), where § lies in the
m-dimensional unit cube.

COMPUTATION OF Hpin

Our objective is now to compute

Hmin ini = i Pc 00 -
(Qinie) = min_[|Pa(q)]

init

Then, following the notation used to describe the
branch and bound algorithm, we have f(q) =
—||Pa(q)]|c and Pmax(Q) = —Hmin(Q). In order to
determine a lower bound q)ub(Q) and an upper bound
Gy, (Q) for @.,.4(Q), we again perform a loop trans-
formation so to have @ = [—1,1]™.

A simple lower bound for —Hmin(Q) is just the nega-
tive of the lower bound for Hmax(Q), i.e.

1(Q) = —[lPa(0)flo = —[|Pru]lco- (7)

The upper bound is based on the simple norm inequal-
ity

[Pz lloo | Pywlloo _ &
||PC1(q)||OO > ”Pzw”oo —— = ®,,
1= ||Pyulleo

and is
By, (Q) = min{0, —&,} (8)

for || Pyulle < 1, otherwise ®,,(Q) = 0. The result
of the branch and bound algorithm for these bounds
then yields the negative of the desired quantity Hmin-

Again, more sophisticated bounds than the ones pre-
posed above can be used. Tighter bounds will lead
to fewer branch and bound iterations; however, the
computational cost associated with each iteration will
increase. Thus there is a natural trade-off between
the tightness of the bounds and their computational
(in)efficiency.

COMPUTATION OF Hminmax

The bounds for Hminmax can be derived from the
bounds presented previously. Let us denote by u =
[u, u]' and y = [y, ¥]’ the partition of u and y corre-
sponding to the design parameters and the uncertain
parameters respectively, and by P, ... Pyy the re-
spective transfer functions. -

We will use & and U to denote unit cubes of the same
dimensions as @ and Q. Note that the loop transfor-
mation presented before allows us to assume, without
loss of generality, that the bounds are now computed

overgzﬂandézu.
A lower bound for Hminmax (Y, H) can be obtained by

using a lower bound for Hmin, in particular the nega-
tive of the upper bound for —H i from equation (8).
From equation (3) of the previous section, we can
choose g, = 0, that is the center of the box U, and
compute directly from equation (8)

(U U) =

qu (o] P’U) (o]
e {17 - PPl )

1 — || Pyulloo

if || Pyulle < 1, Uip(U,U) = 0 otherwise. An upper
bound for Hminmax (Y, L_{) can be obtained by using the
upper bound for Hmax of equation (6). From equation
(3) of the previous section we can choose ¢ = 0 that
is the center of the box U, and compute di_r(éctly from
equations (6)

‘yub(g7 U) =
Pzw Pzi
inf{ G3: ? VB <1l,. (10)

<
E
<F
|

VB w0

We can now apply the branch and bound algorithm
together with these bounds to compute Hminmax-

AN EXAMPLE

Consider a discrete-time plant P(z) described by the
state-space matrices

!
=[]

c = [1 0];

D = [0];

with a constant feedback as shown in Figure 3.

Design. Our first objective is to find the value of the
parameter § in [0, 0.5] that minimizes the RMS-gain
from r to y. This parameter can be regarded a knob
which we use to tune the system. The algorithm gives
after 37 iterations a value for Hy,;n of 1.0 for 6 = 0.25.
The resulting plot can be seen in Figure 4.
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Fig. 3. Discrete-time plant with constant output

feedback.
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Fig. 4. Bounds on Hmin for a parameter é in the
interval [0, 0.5].

Analysis. Next, we consider the above system with &
fixed at .25. We assume that the system matrix

a1 a12
A= [ 0 —0.5 ]

depends on the two parameters a;; € [0.4, 0.6] and
a1z € [0.9, 1.2]. The parameters now have the inter-
pretation of uncertainties.

The algorithm terminates after 45 iterations yielding
a worst-case gain Hmax = 1.35 for parameter values
a11 = 0.4 and a12 = 1.2. We can see the result of the
computation in Figure 5.

15

1.45- B

14r B

1.351

13r

1251

12r

1151

11r

1.05

[0} 5 10 15 20 25 30 35 40 45

Fig. 5. Bounds on Hmax for the uncertain system
and 6 = 0.25.

Finally, the minmax computation yields a value of 1.34
for parameters 6 = .245, a11 = .4 and a12 = 1.2. It is
likely that local optimization methods would find this
set of parameters fairly quickly. However, unlike our

algorithm, local methods have no way of guaranteeing
global optimality.

CONCLUSIONS

We have presented branch and algorithms, based
on which we may compute the maximum, minimum
and minimax discrete-time Ho,-norm for parameter-
dependent discrete-time linear systems. We have also
illustrated our algorithm with an example. The al-
gorithm may be used to compute several other inter-
esting quantities for parameter-dependent systems as
well.

It can be proven rigorously that the branch and bound
algorithm terminates after a finite number of itera-
tions; moreover, it is possible to derive bounds on the
number of branch and bound iterations.
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